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Using color-kinematics duality, we construct for the first time the full integrand of the five-loop 
Sudakov form factor in NV = 4 super-Yang-Mills theory, including non-planar contributions. This 
result also provides a first manifestation of the color-kinematics duality at five loops. The integrand 
is explicitly ultraviolet finite when D < 26/5, coincident with the known finiteness bound for 
amplitudes. If the double-copy method could be applied to the form factor, this would indicate 


an interesting ultraviolet finiteness bound for M = 8 supergravity at five loops. 


The result is 


also expected to provide an essential input for computing the five-loop non-planar cusp anomalous 


dimension. 


PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq 


Introduction.—Last decades have seen tremendous 
progress in the study of scattering amplitudes in quantum 
field theory and string theory, in which the maximally 
supersymmetric M = 4 super-Yang-Mills (SYM) theory 
has been an important testing ground. Notably, on-shell 
unitarity method (al [pj and BCFW recursion relation id, 
initiated in the study of this toy model, have now im- 
portant applications in computing quantum chromody- 
namics (QCD) multijet processes at the Large Hadron 
Collider |4]. In the ’t Hooft planar limit, remarkable all 
loop information has been even obtained for N = 4 SYM 
amplitudes, including the all loop integrand and a 
non-perturbative interpolation between weak and strong 
coupling [6]. In comparison, much less is known beyond 
the planar limit. For instance, the cusp anomalous di- 
mension, which is a key quantity for the infrared (IR) 
singularities of amplitudes [7], is known in principle to 
all orders in planar MN = 4 SYM (al, but its non-planar 
correction is unknown even at leading perturbative order. 


Promising progress has been made recently through 
a surprising duality between color and kinematics dis- 
covered by Bern, Carrasco and Johansson (9, ud, which 
will be the subject of this Letter. This duality indicates 
a deep connection between the kinematic structure and 
the color structure in gauge theories. Since it involves the 
full color factors, interlocking the planar and non-planar 
parts, it offers the promise of transferring the advances 
of the planar sector to the non-planar sector. (See also 
other intriguing connections between planar and non- 
planar amplitudes in m! uA.) The duality also allows 
to construct gravity amplitudes directly from Yang-Mills 
amplitudes, once the latter are organized to respect the 
duality. This is usually referred to as the double copy 
property (10, (13), generalizing the KLT relation 14]. In- 
teresting connection between classical solutions in gauge 
and gravity theories has also been found in . 


At tree level, the color-kinematics duality has been 
proved using monodromy relations in string theory am- 
plitudes id LA, or using the BCFW recursion relation 


directly in field theory iş. However, at loop level the 
duality is still a conjecture and has only been verified 
in examples. Up to four loops, amplitudes respecting 
the duality have been found in various gauge theories 
and gravity theories (10, ido7, including QCD 2s 

2|. However, no construction manifesting the duality 
has been achieved beyond four loops. The extension to 
higher loops is a major challenge to understand the du- 
ality. Via the double copy prescription, such extension 
would be also essential to resolve the long-standing UV 
finiteness problem of maximal supergravity at five loops 


and beyond Rg, p, i 


In this Letter, we realize the color-kinematics duality 
for the first time at five loops. The object we consider 
is the Sudakov form factor in M = 4 SYM, which is an 
important observable with a gauge-invariant operator in 
the stress tensor supermultiplet and two on-shell mass- 
less states Bad). As the operator is half-BPS, the form 
factor is protected from ultraviolet (UV) divergences in 
four dimensions. In practice, one may simply consider 
($(p1)6(p2)|Tr(?)|0), with all other Sudakov form fac- 
tors in the multiplet related by supersymmetric Ward 
identities. Since the color-kinematics duality is not gen- 
erally proved, it is a priori not guaranteed that there 
exists a five-loop solution that respects the duality. In 
fact, this construction for amplitudes, despite consider- 
able efforts and interest, has not been achieved. Our re- 
sult manifests the color-kinematics duality at five loops 
for the first time, strongly indicating the duality should 
be true in more general ground. 


Sudakov form factor also plays a key role in the study 
of IR singularities of gauge theories tal [49]. In partic- 
ular it determines the cusp anomalous dimension. The 
knowledge of its non-planar corrections, which is still un- 
known, is very important to resolve the full structure of 
gauge theory IR singularities, see e.g. ZÆ! ug. We ex- 
pect the new five-loop integrand will provide an essential 
input towards understanding the non-planar IR, singu- 
larities, given the tremendous progress on integral tech- 
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FIG. 1. Cubic graphs for four-point tree amplitudes. 


niques (see e.g. for review), especially the four-loop 
form factor integrals 46H48]. The form factor we consider 
is also related to the Higgs production via gluon fusion 
[49]. We would like to mention that although we consider 
N = 4 SYM, the result is expected to provide the leading 
transcendentality contribution in QCD (50, [5 i}. 

Apart from these, higher loop results also provide key 
information to understand the explicit UV divergences of 
gauge and gravity theories. The integrand we construct, 
while satisfying the color-kinematics duality, also mani- 
festly saturates the known finiteness bound for N = 4 


SYM amplitudes 


6 
D<4+-—, 
ET 


L>: (1) 
A duality-satisfying construction for amplitudes, via the 
double copy prescription, would provide crucial input to 
the UV finiteness problem of M = 8 supergravity. As 
we will see, our result indicates the UV finiteness of the 
maximal supergravity at five loops when D < 22/5, if the 
double copy of the form factor has a physical meaning in 
the supergravity. We will discuss more on this in the end. 

Review and result.—The color-kinematics duality con- 
jectures that there exists a cubic (trivalent) graph repre- 
sentation of a general amplitude in gauge theories, such 
that the kinematic numerators satisfy equations in one- 
to-one correspondence with Jacobi relations of the color 
factors ig, . The duality applies also to form factors, 
and explicit constructions have been obtained up to four- 
loop order lad). 

The instructive example is the four-gluon tree ampli- 
tude. It is always possible to represent the amplitude in 
terms of three cubic graphs shown in fig. [I] 

Ar*(1,2,3,4) = DAN as. (2) 

S t u 
where C; are color factors as products of structure con- 
stants f abe associated to each cubic vertex. The physical 
information is encoded in the kinematic numerators N;. 
The color-kinematics duality requires that the numera- 
tors should satisfy the Jacobi relation of color factors as 


Cs =+ > Ne=M+QNy. (3) 


While at tree level this has been proved more generally, 
the duality is conjectured to also hold at loop level. For 
any propagator of a trivalent graph (except the internal 
lines connected to the operator for a form factor), one can 


FIG. 2. Color-kinematics related graphs at loop level. 


take it as in a s channel four-point sub-amplitude, asso- 
ciated with t- and u-channel graphs, as shown in fig. P] 
The duality requires the numerators of the three graphs 
satisfy the same Jacobi relation for color factors as 


Ns({la, ly, ls}, {-l,, le, la}, Es) = 
Ni({la, la, li}, {-l, lo, le}, pa) 
+ Nu({la, le, lu}, {—lu; lb; la}, ---), (4) 


where l; label the momenta, {la, lb, ls} specify cubic ver- 
tices in the graphs, and the omitted vertices are all iden- 
tical in the three diagrams. Such a relation is under- 
standable if four momenta la, lp, le, lq are on-shell. The 
non-trivial point of the conjectured duality is that it also 
holds when all propagators are off-shell, as checked so 
far. The dual Jacobi equations eq. (4) play a central role 
in our construction. 

Before entering the construction, let us give the final 
five-loop Sudakov form factor in M = 4 SYM organized 
in the following form 


306 


are Dy (Tos re TL. Tore (5) 


og i=l 


5-loop __ 
Fy 


where we sum over 306 non-isomorphic cubic graphs. 
The sum over 02 is due to the permutation of external 
on-shell momenta pı and p2. The symmetry factors S; 
remove overcounts from the automorphism symmetries 
of the graphs. Explicit expressions of the numerators N;, 
color factors Ci, symmetry factors S; and propagator lists 
Pa, are given in the Supplemental Material 

Below we construct the five-loop result in eq. (B) via 
color-kinematics duality, together with the constrains 
from unitarity cuts. Reader is referred to [211 [40 
for the further details of general strategy. 

Five-loop Ansatz.—The starting point is to generate 
a set of needed cubic graphs. For Sudakov form factor, 
these are graphs with three external legs, two with on- 
shell momenta pı, p2 and one with off-shell momentum q 
associated to the local operator. An important simplifi- 
cation for N = 4 SYM is that graphs containing tadpole, 
bubble or triangle one-loop subgraphs can be excluded, 
which are known to be valid ir te duality-satisfying nu- 
merators up to four loops {2 . One-loop sub-triangle 
is allowed if one of its legs is a sien q-leg. The num- 
ber of contributed graphs for Sudakov form factor up to 
five loops is summarized in Table [| 

The next step is to find a minimal set of master graphs, 
from which one can generate all other graphs using the 
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TABLE I. Number of cubic and master graphs up to five 
loops. 


FIG. 3. Master graphs for the five-loop Sudakov form factor. 


dual Jacobi relations eq. (4). Since the system of Jacobi 
equations are highly constraining, the number of mas- 
ter graphs is usually very small. The choice of master 
graphs is not unique. For convenience we choose all mas- 
ter graphs to be planar, as shown in fig. [3] Note that it 
is possible to replace two of the planar master graphs by 
a non-planar one, which reduces the number of masters 
to be three. A counting of planar master graphs up to 
five loops is given in Table [I] 

The third step is to make an ansatz for the numerators 
of master graphs. After an overall factor sł, F$"°® is fac- 
torized as in eq. (5), the remaining numerators should be 
polynomials of degree six in the loop and external mo- 
mentum. As in previous observation at four loops, we 
impose the power counting conditions as follows: a one- 
loop n-gon subgraph carries no more than n—4 powers of 
loop momentum for that loop, which is a consequence of 
supersymmetry; and if the n-gon subgraph is attached to 
the q-leg, it carries no more than n—3 powers of the loop 
momentum, which is related to the fact that the operator 
is half-BPS. For example for master graph fig. B{c), the 
numerator should be no more than linear in the loop mo- 
menta (4,5 and at most quadratic in £3. This gives an 
ansatz of the sum over 77 Lorentz products of ¢;,p; with 
77 parameters. With numerators of other three master 
graphs, we have in total 162 parameters. 

Choosing a proper set of dual Jacobi relations eq. (£), 
we can express all other numerators in terms of the four 
master ansatz-numerators. Note that we have used the 
no-triangle and power counting properties of V = 4SYM 
to simplify the ansatz. Whether such an ansatz should 
be sufficient at five loops is a priori not clear. If not, 
one would need to relax some conditions and enlarge the 
ansatz space. As we will see, the above ansatz turns out 
to be sufficient for the construction. 

Solving ansatz and checks.—To fix the parameters, we 
first demand that each numerator respects the automor- 
phism symmetries of the graph. Take master graph fig. 
B{c) as an example. There is one automorphism sym- 


TEL EEI (os 


FIG. 4. Non-trivial unitarity cuts of five-loop form factor. 
Each blob denotes a tree amplitude or form factor. 


metry, which constrains the numerator to be invariant 
under the transformation 


{43 > pı + p2 — b3, bso bs, 
le > pı + p2 — l4 — bs — be, 


be > pit po La bg = kr): (6) 
Applying symmetry constraints for all cubic graphs fixes 


115 parameters. 
Next we employ physical constraints via unitarity cuts 


ae Ce (7) 


states 


cut(S> cubic graphs) = 


where the cut integrand of the cubic graph ansatz should 
be equal to the product of physical tree quantites. We 
start with some simple maximal cuts. It is easy to write 
the rung-rule numerators for all master graphs [57]. For 
instance for master graph fig. Bib), 


O rule = $12(l3 + l5 — pr — pa)? (la — pr)? (8) 


+ (€3 — pr)? (la — pi — p2)* (ls — pı — p2) . 


Under maximal cuts, the ansatz-numerator and the rung- 
rule-numerator must be equal. Applying this for four 
master graphs fixes further 27 parameters. 

Since so far we only use a subset of dual Jacobi re- 
lations to generate all numerators, we should check if 
all other Jacobi relations are satisfied. This provides 10 
more constraints. We are thus left with only 10 parame- 
ters. 

Given the small number of parameters, we are ready to 
consider more general cuts as given in fig.[4] We find that 
applying cuts (a)-(d) in fig. [4] fixes 7 parameters, leav- 
ing an integrand with only 3 unfixed parameters. Fur- 
ther checks of cuts (e) and (f) in fig. A] show that the 
3-parameter integrand automatically satisfies these cuts. 

The check of cut (f) is one of the most involving cuts, 
so we provide some details. From the r.h.s. of eq. (Z), it is 
the product of a six-point form factor and an eight-point 
amplitude. One needs to sum over all possible states of 
the cut legs. This includes summing over all helicity con- 
figurations including non-trivial non-MHV tree results up 


201708.00357v1 


chinaXiv 


(a) (b) (c) 
FIG. 5. Unitarity check of subtle 1PR graphs. 
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FIG. 6. A fish-type graph and three other sample graphs of 
five-loop Sudakov form factor. 


to N*¢MHV. Such tree amplitudes and form factors, in- 
cluding the summing of states, can be computed with 
MHV rule method baid. On the other hand, from 
the ansatz side i.e. l.h.s. of eq. (Z), it involves 79 triva- 
lent topologies which generate more than a thousand cut 
diagrams. These two highly non-trivial expressions, com- 
puted from different origins, match perfectly with each 
other. 


One subtle unitarity check is related to the graphs as 
fig. B{a). Such a graph is apparently not well-defined: it 
is one-particle-reducible (1PR) and contains a two-point 
subgraph on an on-shell leg, giving a divergent propa- 
gator 1/p? = 1/0. However, the numerator could also 
contain a factor p? which cancels the divergent propa- 
gator. Similar subtlety has indeed appeared in the case 
of four-loop four-point amplitude . So one needs to 
check if they contribute or not. This can be fixed by 
studying the cuts shown in fig. B] We found that the 
(b) and (c) type graphs always cancel among themselves, 
which means the (a) type graphs have zero numerators. 


An interesting feature comes from the ‘fish graphs’ that 
contain a two-point tree leg, as shown in fig. [6{1). Their 
color factors are zero, so they do not contribute to the 
final form factor. However, they do have non-zero numer- 
ators to satisfy the color-kinematics duality and unitarity 
constraints. The tree propagator seems to indicate the 
graph is 1PR. However, the numerator can be propor- 
tional to s12 which cancels the propagator. Imposing this 
cancellation condition fixes two of the remaining three 
parameters, although they are not required by unitarity. 


While extensive checks have been done for our result, 
a complete proof of the result would require non-planar 
as well as D-dimensional unitarity checks. Given the 
fact that color-kinematics duality is independent of the 
spacetime dimension and also interlocks the non-planar 
parts from planar parts, we believe our result is complete, 
which is indeed the case for previous constructions up to 
four loops. We leave the complete check for future work. 


Let us give some simple numerator examples. For the 


last three graphs shown in fig. [6] we have 
1 
N® =s, NO = sial (p-p) -ii O 
2 
N® =z [uq - p1)? +11 (1 - p2)? + 40(1 - pı)(l- p2) 
7 
+ ( = 21? + 18] ‘Pl + 9l * P2 + +512) 813| x (10) 


Summary and discussion.—The final five-loop form 
factor result is given in eq. (5) in terms of 306 non- 
isomorphic graphs. They include 60 graphs that have 
zero color factors, and 26 of them are fish graphs. We 
keep them since they do have non-trivial numerators. 
The five-loop integrand contains an unfixed parameter 
(or three if we do not require the 1/s 2 pole to be can- 
celled by the numerator in fish graphs). This also hap- 
pens in the four-loop case and it was shown that the free 
parameter drops out after the integration-by-part reduc- 
tion [as]. It is reasonable to expect similar things happen 
at five loops. It would be interesting to study the dual- 
ity for generic form factors in M = 4 SYM (see for 
recent reviews) and in QCD. 

Let us comment on the UV behavior of the result. 
The five-loop cubic graphs have 15 propagators, and the 
numerators are at most quartic in the loop momenta. 
Therefore, the integrand is manifestly UV finite when 
D < 26/5 which saturates the finiteness bound given in 
eq. (I) for V = 4 SYM amplitudes Note the 
bound is also saturated for Sudakov form factor at three 
and four loops [40]. We mention that the numerators 
of fish graphs like fig. [6{1) contain up to third power of 
loop momentum, which could break the bound if their 
color factors are not zero. If the double copy of the form 
factor has a physical meaning, our result indicates the 
UV finiteness of five-loop maximal supergravity when 
D < 22/5. Notably, studies based on symmetry argu- 
ments in maximal supergravity have lead to the expecta- 
tions of a seven-loop divergence in D = 4 and a five-loop 
divergence in D = 24/5 for amplitudes [4{37. While 
our result seems to indicate a lower bound, there could 
well be some enhanced cancellations that are not visi- 
ble from the power counting of the local integrand form, 
as shown in RA B3). It would be very interesting 
to check this by explicit integral computations. While 
the physical interpretation of the double copy of form 
factors is still not clear, mainly due to the lack of local 
observables in gravity, it would be interesting to study 
this further and see if we can use form factors to shed 
new light on the UV property of gravity. 

Finally, we point out that obtaining integrands with 
small power of loop momentum in the numerator are also 
essential for simplifying reduction and integration. We 
expect our result with full non-planar contribution will 
provide a promising starting point for the computation 
of the unknown non-planar cusp anomalous dimension at 
five loops in the future. 
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